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RALPH STREBEL 


Abstract. In this article, I survey the known results about the invariant 
of groups of PL-homeomorphisms of a compact interval and supplement them 
with new results about of PL-homeomorphism groups of a half line or a 
line. The proofs are based on the Cayley-graph definition of the invariant. 


1. Introduction 

1.1. Back ground. The first results on the invariant of groups of PL-homeo¬ 
morphisms of the real line have been published in the late 1980s, in |BNS87| and in 
|Bro87b] . To state them I need some notation. Let / = [a, c] be a compact interval 
of positive length and let PLo(/) denote the group of all orientation preserving, 
piecewise linear homeomorphisms of the real line with supports 0 in the interval 
I. Each homeomorphism g € PLo([0,1]) is differentiable at all but finitely many 
points, and so the (right) derivative Da{g) in the left end point a of / exists, as 
does the (left) derivative Dc{g) in the right end point c. These derivatives give 
rise to homomorphisms ai: g ^ Da{g) and g Dc{g) of PLo(/]) into the 
multiplicative group of the positive reals. 

The authors of [BNS87j compute E^(G) for finitely generated subgroups G of 
PLo(/) satisfying two restrictions. They assume firstly that the group G is irre¬ 
ducible in the sense that no interior point of / is fixed by G. This assumption, in 
conjunction with the fact that G is finitely generated implies that the restrictions of 
the homomorphisms at and Ur are non-zero; to simplify notation, these restrictions 
will again be denoted by at and ar- 

The hypothesis that G be irreducible has further consequences. It rules out that 
G is a direct product of two subgroups Gi and G 2 with supports contained in two 
disjoint intervals Ii and I 2 or, more generally, that G is a subdirect product of 
finitely many quotient groups with supports in disjoint intervals. The hypothesis 
of irreducibility is therefore a natural requirement for a first study of 

The second condition, called independence of at and ar in [BNS87| . amounts to 
the requirement that G be generated by the kernels of at and of ar or, alternatively, 
that G admit a finite generating set Xt U Xr where the elements in Xt are the 
identity near the left endpoint of I and where those of Xr are the identity near 
the right endpoint of I. This second condition is enjoyed by some well-known 
groups of PL-homeomorphisms, for instance by Thompson’s group F and by its 
generalizations studied in |Ste92j . In the proof of Theorem 8.1 in |BNS87| it is a 
crucial ingredient that allows one to derive commutator relations of a certain type. 
So far no replacement of this condition has been found that would permit one to 
obtain results as general as is Theorem 8.1. 0 
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^The support of a PL-homeomorphism g G PLo(R) is the set {t G R | g{t) 7 ^ t}; it is a finite 
union of open intervals. 

^There is one exception that I would like to mention at this point. Suppose G is a finitely 
generated subgroup of a finitely generated group G, both groups with supports in the same interval 
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The authors of [BNS87| actually deal with an invariant called Sg'(G); it is defined 
in terms of a generation property of the derived group G' of G. In |Bro87b| . Ken 
Brown proposes an alternate description of Y,c'{G) that uses actions on R-trees. 
His formulation allows him to extend the definition to infinitely generated groups. 
He then proves a general result for infinitely generated groups, assuming that the 
groups are irreducible and that the homomorphisms at and tr^ are independent 
(and non-trivial). 

1.2. Results of this paper. The first main result is 

Theorem 1.1. Given a subgroup o/PLo(/), let E{G) be the subset of S{G) rep¬ 
resented by those among the homomorphisms xi Xr tho-t non-zero. If G is 
irreducible and if the guotient group G/fkeiae • kercr^.) is a torsion group then 

E^{G) = S{G)\E{G). (1.1) 

This theorem encompasses Ken Brown’s result and generalizes Theorem 8.1 in 
[BNS87] . In contrast to these results, Theorem 11.11 treats also the case where one 
of ag, CTr, or both of them, vanish. This case was previously considered in the 
unpublished monograph [BS92j . see Theorem IV.3.3. 

The proof of Theorem ll.ll is based on the Cayley graph definition of and given 
in Section [31 If G is finitely generated the E^-criterion all by itself allows one to 
establish formula dD; otherwise, one expresses G as a union of hnitely generated 
subgroups, uses actions on suitable measured trees 0 or on R-trees, and brings 
into play the previously established result for the finitely generated, approximating 
subgroups. In Section U are assembled a few remarks about the invariant of groups 
G that are, either not irreducible, or for which G/(ker cr^ -kercTr) contains elements 
of infinite order. 

1.2a. Variations. Theorem o assumes that the supports of the elements of G are 
contained in a compact interval I. This hypothesis is imposed in many studies of 
PL-homeomorphism groups of the real line, but it is by no means a requisite for 
interesting results; see, e.g., [BS85] . |BG98| . [BSOl] and [BS14] . The question thus 
arises whether there exist general results, in the vein of Theorem 11.11 where the 
interval / is a half line or a line. 

Let me first point out a source of difficulty. Suppose / is the half line [0, oo[ 
and let G is a subgroup of PLo(/). Every element g G G has only finitely many 
breakpoints and so g coincides, in a neighbourhood of oo, with a unique affine 
homeomorphism p{g). The assignment g i—>■ p{g) is a homomorphism into the affine 
group Affo(R) GV;, R^dd x R>o- Ks image G = imp is metabelian or abelian. Now, 
it is a well-known fact that every epimorphism n: G G induces an embedding 
of TT*: S'(G) S{G) that maps EHG)'’ into ^^(G)'’ (cf. fStrl^ Corollary B1.8]). 
The complement of the invariant E^(G) of a metabelian group need not be finite; 
it can even be all of <S'(G). 0 

The stated difficulty disappears if the image of p is abelian. Moreover, if this 
image consists only of translations a result similar to Theorem 11.11 holds. namely 


/, and assume that G satisfies the stated two requirements. If G contains the derived group of G 
then the complement of (G) is represented by In o cr^ and by In o (jr; see |BNS87I p. 476]. If one 
starts with G it seems, however, unlikely that one can find such a group G, unless G is a subgroup 
of a group of the form G(/; A, P) containing S(7; A, P), the notation being as in |BS14| . 

^in the sense of | Strl3l Section C2.4a] 

'^If G is finitely generated, the invariant E^(G) can be expressed in terms of the invariant 
Sa(Q) (with Q = Gab and A = [G, G]; see |BS92l III.Theorem 4.2]) and this invariant has been 
studied in |BG84| and |Str84l Section 6] in great detail. 
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Theorem 1.2. Let G be a subgroup o/ PLo([0, cxd[ ) with the property that every 
element of mi[p\ G AfTo(]R)) is a translation. Define : G —>■ R io fee the 
homomorphism that sends g G G to the amplitude of the translation p{g). 

Let E{G) be the subset of S{G) represented by those among the homomorphisms 
Xt. and —Tj. that are not zero. If G is irreducible and z/G/(ker cr^ ■ ker^) is a torsion 
group then 

Si(G) =S'(G) \ A(G). (1.2) 

There is a similar result for I a line. In order to state it, I introduce the homo¬ 
morphism A: G —?> AfFo(]R) that associates to g € G the affine map X{g) coinciding 
with g near —oo. One needs also the homomorphism : G —>■ R; it is only defined 
if im A is made up of translations and it sends g G G to the amplitude of X{g). The 
result reads then as follows: 

Theorem 1.3. Let G be a subgroup o/PLo(R) with the property that every element 
o/imAUimp is a translation, and let E(G) be the subset of S{G) represented by 
those among the homomorphism and that are not zero. If G is irreducible 
and if G/ifierri ■ kerr,.) is a torsion group then formula (II.2p holds. 

Acknowledgements. I thank Matt Brin and Matt Zaremsky for very helpful dis¬ 
cussions, and, in particular for pointing out Example 14.4d . 

2. Preliminaries 

Let I be an interval of R with non-empty interior and let PLo(/) denote the 
group of all orientation preserving, finitary piecewise linear homeomorphisms with 
supports contained in I. Each homeomorphism g G PLo(/) is differentiable at all 
but finitely many points; if I is bounded from below with a = inf /, the right 
derivative of p in a exists; similarly, if I is bounded from above with c = sup / the 
left derivative of p in c exists. If / = [a, c] is compact, these derivatives give rise to 
the homomorphisms cr^ and ar of PLo(/) into the multiplicative group R^g- 

If, on the other hand, / is not bounded from below then each g G PLo(R) coincides 
near —oo with a unique affine map X{g) of R and the assignment g i-A X{g) is a 
homomorphism into the affine group Affo(R) Radd x R>o of If ^ is not 
bounded from above one obtains similarly a homomorphism p: PLo(/) —>■ Affo(R). 

2.1. Subgroup BPLo(/). The fact that the elements of PLo(/) are piecewise linear 
implies that the supports of the elements in the kernels of or A, and of Ur or p 
have a property that will be crucial for the sequel. Let g be an element of PLo(J). 

If I is the compact interval [a, fe] and if ert,{g) = 1 the support of g is contained 
in an interval of the form ]o -I- e, c[ for some positive real e; similarly, if <Jr{g) = 1 
then suppp is contained in an interval of the form [c — e, c] with e > 0. The 
intersection ker fl ker tr^ consists therefore of homeomorphisms whose supports 
do not accumulate in an end point of I. This subgroup will be denoted by BPLo(/) 
and referred to it as the subgroup of homeomorphisms with bounded support. If I is 
the half line [0, oo[, analogous statements hold for and p; and if / = R, similar 
statements are valid for A and p. 

2.2. Irreducible subgroups. A subgroup G of PLo(/) will be called irreducible 
if it has no fixed point in the interior of / or, equivalently, if the supports of a 
generating set of G cover the interior of I. If / is a compact interval, irreducible 
subgroups have two useful properties, stated in 

Lemma 2.1. Let G be an irreducible subgroup o/PLo([a, c]). Then the following 
statements hold: 

(i) if a < t < t' < c there exists g G G with g(t') < t; 
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(a) the homomorphisms at and Ur are non-trivial if, and only if, G has a finitely 
generated, irreducible subgroup. 

Proof, (i) The infimum of the G-orbit of t' is a fixed point of G, and so it equals a 
by the irreducibility of G. 

(ii) For every compact subinterval in ]a, c[ there exist finitely many ele¬ 

ments of G the supports of which cover the subinterval. If ai and cr^ are non-trivial 
the supports of a finite subset of G will therefore cover ]a, c[ and hence generate 
an irreducible subgroup of G. On the other hand, if ai or ar is zero, say ai is so, 
the support of no element of G has a as a boundary point; hence ]a, c[ cannot be 
covered by the supports of finitely many elements, and so no finitely generated 
subgroup of G is irreducible. □ 

2.3. Invariant review of basic definitions and results. I turn now to 
the second key notion of this paper, the invariant S^. Given a group G, consider 
the real vector space Hom(G, R), made up of all homomorphisms x of G into the 
additive group of the field R, and define S{G) to be the set of all rays [x] = K>o-X 
that are contained in Hom(G, R) and emanate from the origin. 0 

If the group Gab is finitely generated, the vector space Hom(G,R) is finite di¬ 
mensional and so it carries a unique topology, induced by any of its Euclidean 
norms. The set S'(G) inherits then a topology and the resulting topological space 
is homeomorphic to the hyper-spheres in the vector space R'^ of dimension d = 
dimQ(Gab ® Q)- 

I need a further definition. Given a group G and a subset K, one sets 

S{G, K) = {[x] e S{G) I x{K) = {0} }. (2.3) 

If one visualizes S(G) as a sphere, S{G, K) is a great subsphere of S{G). 

The invariant S^(G) of G is a subset of S{G). It admits several equivalent 
definitions; in the sequel, I use the definition in terms of Cayley graphs. 0 Let 
T C G be a generating set of G and let r(G, X) be the Cayley graph with vertex 
set G and positively oriented edges of the form {g,g ■ x) for all {g,x) G G x X. 
Every non-zero homomorphism x: G —^ R gives rise to a subgraph of this Cayley 
graph, generated by the submonoid G^ = {g G G \ x(ff) > 0}, and denoted by 
r(G, X)^. One is interested in knowing whether or not this subgraph is connected. 
The answer depends on the choices of X and xi if iS) however, clear that the 
subgraph T^ = T{G,X)^ does not change if one replaces x by a positive multiple 

■ X of X- This latter fact allows one to define a subset S(G, X) of S(G) by setting 

S(G,X) = {[x] G S(G) I r(G,X)^ is connected}. (2.4) 

In [BNS87] a related subset, called Eg'(G), is introduced and studied. This older 
invariant is only defined for finitely generated groups G and its definition does not 
involve the choice of a generating set. This feature of Sq/ (G) is mirrored in E(G, X) 
by the property that, for a finitely generated group G, the subgraph r(G,X)^ is 
connected for every generating set X if it is connected for a single finite generating 
set T/. 0 This fact induced Bieri-Strebel to adopt the following definition for the 
invariant S^(G) of an arbitrary group G: 

E^(G) = {[x] S S{G) I T{G,X)^ is connected for every generating set X}. (2.5) 

Remark 2.2. In the context of the invariant the elements of Hom(G, R) are often 
called characters. I adopt this usage in the sequel. 

the abelianization G^b of G is a torsion group, the set S(G) is empty, a case that is of no 
interest in the sequel. 

®Alternate definitions are discussed in |BS921 Section 11.4.1] and in Chapter C of |Strl3| . 

^See the introduction of | BS92I Chapter II], or |Strl3l Section C2.1] for proofs. 
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I continue with criteria that allow one to show that the ray [y], passing through 
a given non-zero character y: G ^ K., lies in S^(G). If G is finitely generated one 
has the so-called S^-criterion; it asserts that [x] G S^(G) if, and only if, G admits a 
finite set of relations of a certain form; for details see [BS921 Section 1.3] or |Strl31 
Section A3]. The form of the relations occurring in the statement of the criterion 
implies that S^(G) is an open subset of the sphere S{G). 

Assume now G is an infinitely generated groups. Several criteria are then avail¬ 
able; two will be used in the sequel. The first of them is 

Proposition 2.3. Let G be an infinitely generated group and let x- G ^ M. be a 
non-zero character. Suppose G is the union of a collection {Gj \ j € J} of finitely 
generated subgroups Gj of G which enjoy the following properties: 

(i) the restriction Xj = X \ Gj is non-zero and [xj] S S^(Gj) for every j G J, 

(a) the combinatorial graph Gix)) having vertex set J and edge set made up of all 
pairs {ji,^ 2 } with xiGji H Gjfij {0}, is connected. 

Then [x] e Ei(G). 

Proof. See |BS921 Section II.5.3] or [Strl3[ Section C2.6a]). □ 

The second criterion involves a submonoid M C G.^ with some special properties. 

Proposition 2.4. Let G be a group and let x- G ^ be a non-zero character 
of G. Suppose G^ = {g G G \ xid) ^ 0} contains a submonoid M enjoying the 
following properties: 

Mnkerx = MnM-\ {M ■ M-^) n G^ = M, gp(M) = G. (2.6) 
IfM^G^ then [x]i^\G). 

Proof. A justification can be extracted from section II.5.5 and Theorem II.4.1 in 
[BS92] . but as a direct proof is short and informative, I supply one here. 

Choose a subset X oi M that generates G, for instance X = M. Use it to 
define the Cayley graph r(G, A). I claim that every path that starts in 1 and 
runs inside r(G, A)^ ends in a point g G M. The proof is by induction on the 
length k of the path p = (1, yi,yiy 2 , ■ • ■, 2/1 • ■ ■ J/fc) leading from 1 to the vertex g. 
The claim is obvious for fc = 0; assume therefore that fc > 0 and that the product 
/ = 2 / 12/2 • ■ • 2/fc-i liss in M. Two cases arise: iiy G X then yiy 2 • ■ • 2//c is the product 
of the two elements / and yk oi M, and so it lies in the submonoid M; if is the 
inverse oi x G X, then g is the product / • x~^ with / and x in M; so it lies in M 
by the second property of M and the fact that xeid) ^ 0- 

It is now easy to see that the subgraph T^ = r(G;A);,^ of the Cayley graph 
r(G; A) is not connected. Indeed, M is a proper subset of G^^ containing all the 
endpoints of paths that start in the origin and run inside the subgraph. As A 
generates G, the ray [x] lies therefore outside of S^(G). □ 

2.4. Notation. In the remainder of this section and in SectionsOandHl the interval 
/ is compact, say [a, c], the group G is a subgroup of PLo([a, c]) and cr^, tr^ are the 
restrictions to G of the homomorphisms of PLo([a,c]) denoted formerly by these 
symbols. 

2.5. Three basic results about irreducible groups. I move on to three results 
that will be used in the proofs of the main results. 

2.5a. Roles of at and Ur for E^(G). The first result explains the significance of Ui 
and cjr for the invariant S^(G) of an irreducible subgroup G of PLo([a,c]). The 
maps tr^ and tr^ are homomorphisms into the multiplicative group of the positive 
reals, and so the compositions x^ = In o tr^ and Xr = In o tr^ are characters of G, 
i.e., homomorphisms of G into the additive group of R. 
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Proposition 2.5. Let G be a non-abelian, irreducible subgroup o/PLo(/). Ifxi 
non-zero it represents a point in the complement o/E^(G'), and similarly for Xr- 

Proof. Suppose = In o <Ji is not zero. The aim is to construct a submonoid M of 
G that is properly contained in G^^ and satisfies properties (12.611 . To that end, we 
introduce a collection of submonoids Ms of G^^^^ and verify then that many of the 
submonoids Ms satisfy the stated properties. 

Given a positive number S < c — a, define the subset 

Ms = {g G G^^ I g~^ is linear on [o,a + (5]}. (2.7) 

This subset is, first of all, a submonoid of G: it clearly contains the identity on K. 
Assume now that gi and g 2 are in Ms- Then gf^ is linear on [a, a + (5] with slope 
at most 1, and so gf^ o gf^ is linear on [a, a + <5], for gf^ is linear on [a, a + (5] and 
gi{a 5) < a S. Thus gi o g 2 is in Ms- 

We verify next that Ms satisfies the equality M (b M~^ = M Ci kery for every 
5 < c — a. Suppose that g G Ms n Mf~^. Then xis) > 0 and x{g~^) ^ whence 
g G kery^- It follows that Msr\Mf~^ is contained in Msdkerx- Conversely, assume 
that g lies in Ms lb ker y. Definition (EH) implies then that g ^ is the identity on 
[a,a + (5], whence g is linear on [o,a + <5] and so g~^ G Ms, again by definition (I2.7|l . 
and thus the reverse inclusion Ms (~l kery C Ms (b Mf~^ holds. 

Now to the equality {Ms ■ Mf^) n = Ms- Suppose gi and 52 be in Ms and 
that xt{9i ° 92 ) ^ 0 or, equivalently, that Da{gi) > Da{g 2 )- Then gf^ is linear 
on [a, a + (5] with image [a, a + S/Da{gi)], and g2 is linear on [a, a + S/Da{g2)]- 
Since S/Da{gi) < S/Da{g2) this proves that 52 is linear on [a, a+ 5] and thus 
9i ° 92^ £ follows that Ms ■ Mf~^ (~l G^^ is contained in Ms- The reverse 

inclusion follows from the fact that 1 G Mf^. 

We next show that Ms generates G whenever S is small enough. By assumption, 
Xe is non-zero. So there exists an element go G G with (J(,{go) > 1. The PL- 
homeomorphism gff^ is linear on some small interval beginning in a, say on [a, a-|-(5o]. 
Moreover, given g G G, there is some e > 0 so that g~^ is linear on [0,e] and 
thus there exists a positive integer m so that <7(7"* maps [a, a t^o] linearly onto a 
subinterval of [a, a -I- e]. The product g~^ o g^"^ is then linear on [a, o -I- <5o]. By 
increasing m, if need be, we can also achieve that g'^og = {g~^ogo™‘)~^ lies in G^^ 
and hence in Ms^. We conclude that there exists, given g G G, a, positive integer 
m and an element h G Msg so that g equals gff'^ o h] every element of G is thus a 
quotient of elements in Msg. 

We, finally, establish that Msg is a proper submonoid of Gg^f^. By assumption G is 
non-abelian and so there exist elements /i, /2 in G whose commutator c = [fi, / 2 ] is 
not the identity. Since G is irreducible, a suitable conjugate of c is a non-trivial 
element whose support in contained in the interval [a, a -I- (5o]. This conjugate lies 
in kery^, but outside of Msg, and proves that Msg is a proper submonoid of Gg^^. 

All taken together, we have shown that the submonoid M = Msg satisfies the 
properties stated in (I2.fi|l and that M ^ G^^. Proposition 12.41 thus allows us to 
conclude that [y^] ^ E^(G). The claim for Xr can be proved similarly. □ 

Remarks 2.6. a) The points [y^] and [y^] may coincide; a situation which we shall 
discuss in more detail in section SEl 

b) Submonoids of G^ satisfying the four properties enjoyed by Msg are an im¬ 
portant tool in the study of they allow one, in particular, to give an alternate 
definition of E^(G); see |BS92[ II.3.5]. 

2.5b. The second result. The next lemma is more technical; it will only be used 
inside the proofs of more important results. 
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Lemma 2.7. Let G he an irreducible subgroup o/PLo([a, c]). Assume G —>■ R 
is a character that satisfies one of the following two conditions: 

(i) [x] ^ [Xt\ and x(ker cr^) {0}, or (ii) [x] ^ [Xr] and x(ker cr^) ^ {0}. 

In both cases there exist then a real (5 > 0 and elements f and h in G with positive 
X-values. If condition (i) holds, the elements f and h enjoy the following properties: 

f is linear on [a, a + (5] with slope < 1 and supp/i C [a, a + (5]. (2-8) 

If condition (ii) holds, f and h have these properties: 

f is affine on [c — S,c] with slope < 1 and supp/i C [c — S,c]. (2-9) 

Proof. Suppose first that condition (i) is satisfied. The points [x] and [x^] are then 
distinct; hence so are the submonoids and G^^ and neither of them is contained 
in the other. There exist therefore an element, say /i, in Gy^ \ Gy^ and an element 
/2 in Gy^ \ Gy, whence 

x(/i) > 0, Xt{f 2 ) > 0 and x(/ 2 ) < 0, Xt{fi) < 0- 

The product f = fi ■ ff^ has therefore the property that x(/) > 0 > xeif)- The 
second inequality says that Da{f) < 1; so there exists a small interval to the right 
of a, say [a, a + <5], on which / is linear with slope Da{f) < 1. 

We next use the hypothesis that x does not vanish on kercr^.. It guarantees that 
X is positive on an element ho whose support does not touch the right end point of 
I. Since G is irreducible, a conjugate h = 9°/io of ho will then have the properties 

supph C [a, a + (5[ and x(^) = x(^o) > 0. (2.10) 

The elements / and h thus enjoy the asserted properties. 

Suppose next that condition (ii) holds. Then [x] [xe] and so one can find, as in 
the previous case, an element f G G and a positive number S so that / is affine on 
[c — d,c] with Dc{f) < 1. The hypothesis that x(kercr^) {0} allows one, finally, 
to construct an element h S ker X(. with the stated properties. □ 

2.5c. The third result. The third result is technical, as is the second one; moreover, 
it presupposes that the group G be finitely generated. This additional hypothesis 
will be removed later on. 

Lemma 2.8. LetG be a finitely generated subgroup of Pho([a, c]) and let x- G ^ R 
he a non-zero character. Assume G contains elements f and h with positive x-aalues 
that satisfy, for some 5 > 0, one of the following two conditions: 

(i) f is linear on Is = [a, a + d] with slope < 1, and supp h C Is, or 
(ii) f is affine on Js = [c — 5, c] with slope < 1 and supp/i C Js- 
Then [x] G Si(G)]. 

Proof. We assume first that condition (i) holds and aim at verifying the hypotheses 
of the E^-criterion 0 for a suitable, finite generating set X of G. Choose a finite 
generating set X oiG that includes the elements / and h provided by the assump¬ 
tions of the lemma. Set y — X U X~^ and = {y ^ y \ x{y) > 0}. Then y+ 
is a finite generating set of G; it contains an element t with x(t) > 0 (for instance 
/ or h). None of the commutators with y £ y+ has a support that 

touches the left end point a of /; so there exists a small real number 5i such that 
supp([t“^, y“^]) C ]a-|-5i, c[ for each y G 3^+. The real can be smaller than 5, but 
there exists a positive integer m so that /'"(a -I- d) < a-\- 6i. Set H = ■ h ■ 

Then the support of H lies in the interval [a, a <5i] and is thus disjoint from the 

®see IBS92I Section 1.3] or | Strl31 Section A3] 
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support of every commutator [t with y € y+] so H commutes with each of 

these commutators. For every y S y+ the relation 

1 = [t-\y-^] ■ H ■ [y-\t-^] ■ H-^ = t-^y-H ■ {y ■ H ■ [y-\t-^] ■ R-^) 

is therefore valid. Since H is short for the the word the previous relation 

is equivalent to the relation 

t~^yt = Wy with Wy = y •■/'"/i" V"™- (2.11) 

The minimum of x Ih® initial segments of the word t~^yt is = —x(t); the 

minimum of y on the initial segments of the word Wy is min{—x(t) + x(/i), 0}. As 
the second minimum is larger than the first one (for every choice of y G 3 ^+), the 
hypotheses of the S^-criterion are satisfied and so x represents a point of S^(G). 

So far we know that hypothesis (i) implies [x] S S^(G). One can show similarly 
that [x] G S^(G) if condition (ii) is satisfied. Alternatively, one can use the fact that 
conjugation by the reflection in the midpoint (a+c)/2 of I induces an automorphism 
a of PLo(/) that sends G onto the subgroup q;(G) and that Xr = Xi° ot- ^ 

Remark 2.9. The proof of the above lemma is an adaption of that of Theorem 8.1 
in [BNS87| to the Cayley-graph definition of 

3. Proof of Theorem o 
We begin with a further auxiliary result. 

Lemma 3.1. Let G he an irreducible subgroup o/PLo(/). //G/(kercr^ • kerur) is 
a torsion group G is not abelian. 

Proof. Suppose G contains a non-trivial element yo that is the identity near one of 
the endpoints. Since G is irreducible, yo has then a conjugate -tyo whose support 
is distinct from that of yo, and so / and yo do not commute. It suffices therefore 
to find a non-identity element yo in ker cr^ U kercr^. This is easy: by assumption, 
every element of G/(ker cr^ • ker cTr) has finite order, while G itself is torsion free 
and, being irreducible, not reduced to the identity. So kercr^ • ker cr,. 7 ^ {1}. □ 

Remark 3.2. Theorem ll.il but also the preliminary result Proposition 13.31 rely on 
Proposition [2^ This proposition assumes that G be non-abelian. As the preceding 
lemma shows this assumption is fulfilled whenever G/(kercr^ • ker cTr) is a torsion 
group, a requirement that is is imposed in our main results for another reason. 

The conclusion of the lemma holds actually under a far weaker hypothesis: it 
suffices that the group G be irreducible, but not cyclic; see footnote on page [121 

3.1. Theorem 1 1.1 1 for finitely generated groups. The following proposition is 
a slight generalization of Theorem 8.1 in |BNS87j : its proof is based on the three 
results established in section 12.51 and on Lemma O 

Proposition 3.3. Let G he a finitely generated irreducible subgroup o/PLo(/). If 
the quotient group G/(kercrf • kercr,.) is finite then S^(G) = S'(G) \ {[x^], [Xr]}- 

Proof. The group G is non-abelian by Lemma 13.11 the characters xt Xr are 
non-zero by part (ii) of Lemma l2.ll and so [xi] and [xr] he in E^(G)'^ by Proposition 
Consider now a non-zero character x: G —> R that represents neither [x^] nor 
[Xr]- Since the quotient group G/(ker cr^ ■ kercr,.) is finite, the homomorphism x is 
not trivial, either on ker ctj. or on ker cr^. In the first case condition (i) in Lemma 
12.71 applies and so the lemma provides us with elements f, h in G and a positive 
real <5, all in such a way that x is positive on / and on h, and that condition (12.81) 
is fulfilled. As G is assumed to be finitely generated, the hypotheses of Lemma [T21 
are satisfied and so [x] £ S^(G) by that lemma. 
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If, on the other hand, x is non-zero on kera^, hypothesis (ii) of Lemma 12.71 holds 
and so it follows, much as before, that [y] € S^(G'). □ 

3.2. Relation with Theorem 8.1 in [BNS87| . Theorem 8.1 is slightly weaker 
than Proposition 13.31 in that, there, G is required to coincide with the product 
kertr^ • kercTr-. More important, though, is the fact that the hypothesis that G 
coincide with ker ai ■ ker cjr is stated differently in [BNS87| : there one requires that 
the homomorphisms Uf, and Ur be independent, in the sense that 

im (T^ = cr^ (ker (Tr) and im tr^ = o’r.(ker cr^). 

The equivalence of the two conditions is a consequence of 

Lemma 3.4. Let ? 7 i: G —>■ Hi and 772 : G —>■ H 2 be homomorphisms. Then the 
following statements imply each other: 

(i) im? 7 i = ? 7 i(ker 772), {ii) im?72 = r]2(kerr]i), (Hi) G = ker? 7 i ■ker?72. 

Proof. Assume first that (i) holds. For every g € G there exists then /12 G ker 772 
such that rii{g) = r]i{h 2 ). The quotient hi = g ■ hf^ is then in heirji and so 
g € ker 771 - ker 772 . So statement (hi) is valid. Implication (ii) ^ (iii) can be proved 
similarly. Conversely, assume that statement (iii) holds. Every g € G is then a 
product g = hi ■ h 2 with hi S ker77i, whence 

mig) = m{hi ■ ^ 2 ) = m{h 2 ) e 771 (ker 772 ); 

similarly one sees that 772 (g) = r] 2 {hi) S 772 (ker 771 ). So (i) and (ii) are both valid. □ 

3.3. Proof of Theorem II.IL The proof relies on Lemmata 12.71 and 13.11 and on 
Propositions 12.31 [?3] and It consists of two parts. 

3.3a. Inclusion E{G) C S^(G)“. By hypothesis, the group G is irreducible and 
G/(kerx^ • kery^) is a torsion group. By Lemma 13.11 it is therefore non-abelian. 
Assume now that at is non-trivial. Then Proposition 12.51 applies and shows that 
[xt] ^ S^(G)“. If ar is non-trivial, one finds similarly that [xr] ^ S^(G)‘^. 

3.3b. Inclusion S{G) \E{G) C E^(G). Let y: G —)• M be a non-zero character that 
is neither a positive multiple of Xi nor a positive multiple of Xr- As the image of x 
is an infinite, torsion-free group while G/(kerx^ • kery^) is a torsion group, x does 
nor vanish on ker^^ U kery^- Two cases arise. 

Assume first that x(ker cTr) 7 ^ {0}. Then the hypothesis of case (i) in Lemma 1^771 
is fulfilled, and so this lemma provides one with elements /, h and a positive real 
S < c — a with these properties: 

xif) >0, /is linear on [a, o -I- 5] with slope < 1, (3.12) 

x{hi) > 0, supp/i C [a, a-I-(5]. (3.13) 

Consider now a finite subset Xi of G^ that contains both / and h and let Gi denote 
the subgroup generated by Xi. For every commutator c = [hi,h 2 ] with hi £ XUX~^ 
there exists then a positive integer m so that the supports of 1 and c are disjoints, 
and so it follows, as in the proof of Lemma 12.81 that x 1 Gi represents a point of 
S^(Gi). The group G itself is the union of such finitely generated subgroups Gi; 
as X does not vanish on the intersection of two such subgroups (for both contain 
the elements / and h) Proposition 12.31 allows us to conclude that [x] £ 5]^(G). 

Secondly, assume that x(ker(T^) 7 ^ {0}. Then the hypothesis of case (ii) in 
Lemma O is fulfilled. This lemma provides one with elements /, h and a positive 
real <5 < c — a, all in such a way that 

xif) >0, / affine on [c — 6, c] with slope < 1, 

x{h) > 0, supp he [c — <5, c]. 


(3.14) 

(3.15) 
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With the help of / and h one proves then, as in the preceding paragraph, that 

[x] e si(G). 

3.4. Addendum to Theorem II.IL A crucial feature of Theorem o is the hy¬ 
pothesis that G/(ker Xr) be a torsion group. In the proof of the theorem this 

assumption, along with the irreducibility of G, is used to verify the assumptions of 
Lemma \T7\ I do not know to what extent the conclusion of the theorem continues 
to be valid without this assumption. The techniques used in the proof of the the¬ 
orem allow one, however, to establish an addendum where both assumptions and 
conclusion are weaker than in Theorem o 

Suppose G is an irreducible group and y: G —>■ M is a homomorphism that is 
non-zero, both on kery^ and on kery^. Then y satisfies assumption (i) of Lemma 
12.71 (and also assumption (ii)), and so it follows by the reasoning given in section 
I3.3bl that y represents a point of S^(G). 

In view of Definition (ESI the conclusion just obtained can be rephrased as 
follows: 

Addendum 3.5. Let G be a subgroup o/PLo(/). If G is irreducible then 

5(G,kery^)'=nS'(G,keryr)‘= C Y}{G). (3.16) 

4. Discussion of the hypotheses of Theorem II.II 

Theorem 11.11 imposes three crucial assumptions on the subgroup G of PLo(]R): it 
is to be irreducible, its quotient group G/(ker cr^ • keiar) is to be a torsion group, 
and the supports of the elements of G are to lie in a compact interval I. In this 
section, I discuss what can happen if the first or the second hypothesis is omitted. 

4.1. Reducible groups. Let Ii and I 2 be disjoints intervals of the compact in¬ 
terval I and let Gi and G 2 be subgroups of PLo(/i) and PLo(/ 2 ), respectively. 
Then Gi and G 2 generate their direct product in PLo{I). Let tti : G ^ Gi and 
712: G -» G 2 be the canonical projections and, for i G {1,2}, let 

TT*: SiG,) ^ SiG), [y] [y o 
be the induced embedding of spheres. Then 

Ei(Gi xG2)" = ^r(S'(Gi)‘=)U7r;(Si(G2)=). (4.17) 

For finitely generated groups Gi, this formula goes back to [BNS871 Theorem 7.4]; 
the general case is covered by Proposition II.4.7 in |BS92| and by [Strl31 Proposition 
C2.55]. In the sequel, the following generalization will be used: 

Corollary 4.1. Assume G is the direct product of a family of groups {Gi j i G /}. 
For each index i € I, let iVi: G ^ Gi denote the canonical projection onto the 
i-th factor Gi and let tt* : S{Gi) ^ >S'(G) denote the corresponding embedding of 
spheres. Then 

S1(G)= = U^^<(S'(G.)‘=). (4.18) 

Proof. We begin with a general fact. Every epimorphism tt: G -» Q induces to 
an embedding tt* : S{Q) ^ S{G). This embedding gives rise to an inclusion of 
7r*(I]^((5)°) into E^(G)'^; if, in addition, Q is a direct factor of G, the inclusion 
becomes the equality 

TT*{E\Qy) = i:^{GrmT*{S{Q)) 

(see the proofs of Proposition 11.4.7 in |BS92j or of Proposition C2.49 in [Strl3j L 
Let’s move on to the claim of the corollary. The group G is the union of the 
finite direct products Diyg/^ Gi where If runs over the finite subsets of I. For each 
If the analogue of formula (|4.18l) holds by a straightforward induction based on 
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formula (|4.17l) . The assertion of the corollary itself then follows from part (i) in 
[BS921 Theorem 11.5.1] or from Proposition C2.42 in |Strl3| upon noting that I is 
also the union of all finite subsets that contain a given singleton {io}- Q 

Examples 4.2. Let {/„ | n G N} be a sequence of pair-wise disjoint subintervals 
of the interval I and choose, for each subinterval In, a subgroup G„ of PLo(J„). 
These subgroups G„ generate a group G; it is contained in PLo(/) and is the direct 
product Dr„gN G„ of the subgroups G„. The invariant (G) can then be computed 
with the help of Corollary 14.II 

Two special instances are worth mentioning: i) if each group G„ satisfies the 
hypotheses of Proposition 13.31 then S^(G)‘^ is a countably infinite set; ii) if, on the 
other hand, each Gn is infinite cyclic, then G is free abelian of countable rank and 
S^(G)‘^ is empty (by [BS921 Corollary II.4.4] or [Strl31 Corollary C2.45]). 

4.2. Irreducible groups G with G/(ker(T^-kercir) not torsion: part 1 . I con¬ 
sider first a class of irreducible groups G for which the invariant can be determined 
almost completely, in spite of the fact that the quotient group G/(ker cr^ ■ kerur) 
not a torsion group. 

Let / = [a, c] be a compact interval of positive length and let H be an irreducible 
subgroup of PLo([ao,co]) with a < ao < cg < c. Choose a homeomorphism / G 
PLo(/) whose support contains the subset ]a,ao] U [co,c[ and let G denote the 
group generated by H U {/}. Then G is an irreducible, non-abelian subgroup of 
PLo(/). The homomorphisms ai and Or are both non-trivial; they may, however, 
represent the same point, or form a pair of antipodal points. The kernels kercr^ 
and kertJr coincide both with the normal closure TV = gpg(iJ) of iL in G and 
so G/(ker cr^ ■ kercr^) is infinite cyclic. Proposition 13.31 thus does not apply; its 
conclusion, however, continues to be hold to a large extent. 

Lemma 4.3. Let G and N = gpQ{H) be as before. Then 

{[x,],[x,]}CSi(G)^C^(G,fV). (4.19) 

Proof. By assumption, the supports of the elements of H cover the interval Jag, co[ 
and the support of / contains the complement of this interval in ]a, c[. It follows that 
G is irreducible; as /([ag, cg]) 7 ^ [ag, cg] the group G is non-abelian. By Proposition 
[131 the points [x^j and [xr] belong therefore to S^(G)^. In addition, the subgroup 
N is irreducible; since the restrictions of an and tJr to N are trivial. Theorem o 
applies and shows that T,^{N) = S{N). This fact implies that S'(G,fV)“ C E^(G); 
indeed, let x- G ^ be a character that does not vanish on N. Then x ( N 
represents a point of E^(7V) by the previous conclusion, and thus [x] G S^(G) by 
Corollary 11.4.3 in |BS92j or by [Strl31 Proposition C2.52], and by the fact that N 
is a normal subgroup of G. □ 

Examples 4.4. a) The notation being as before, assume the homeomorphism / has 
the property that t < f{t) for every t Gja, c[ or, more generally, that Da{f) > 1 > 
Dc{f). Then [xr] = —[xt] and so S{G,N) = {[x^]) [Xr]}- Tbe conclusion of Lemma 
01 can therefore be restated by saying that S^(G)° = S{G, N). 

b) Assume next that t < f{t) for every t G ]a, og] and f{t) <t for each t G [cg, c[. 
Then [x^j = [Xr\, this point lies in S^(G)‘^ by Lemma IT31 but the lemma does not 
tell one whether [—x^j hes inside S^(G) or outside of it. Actually, both cases can 
arise as is revealed by the examples bl) and b2) below. 

bl) The notation being as in example b), suppose H is mapped into itself by 
conjugation by /. Then fHf~^ is actually a proper subgroup of H and so G 
is a strictly descending HNN-extension with finitely generated base group H and 
stable letter t. A well-known result then guarantees that [—x^j G see |BS92[ 

Section 11.6.4] or [Strl31 Proposition A3.4]. 
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How to prove that fHf~^ is a subgroup of HI The only type of groups where 
this is easy seems to be the class of groups G{I\A,P) introduced and studied in 
[BS14| . Here / denotes an interval, P a subgroup of R^q, and H is a Z[P]-submodule 
of Kadtj; the group G{I,A,P), finally, consists of all PL-homomorphisms / of K, 
satisfying f{A) = A, having supports in I, slopes in P and breakpoints in A. 

To obtain the desired examples, one chooses / £ G{[a, c]; A, P) and sets H = 
G'([ao, Co]; -P). Then the inclusion fHf~^ C H holds, and if uq, cq belong to A 
and A and P are suitably chosen, the subgroup H is finitely generated. 0 

b2) We consider, finally, the special case of the set-up of example b) where H is 
cyclic, generated by an element ho with the property that t < h^{t) for t £]ao,co[. 
Then G is irreducible. For every k G N set ak = /^(oo) and Ck = /^(co). These 
sequences satisfy the order relations 

a < ao < oi < • • • < Ofc < • • • < Cfe < • • • < Cl < Co < c. 

Assume, next, that 

Cl < ho{ai) (4.20) 

and set hk = o o f~^ for fc £ N. We claim that each subgroup gp{hk, hk+i) is 
the wreath product gp{hk+i) I gp{hh)- 
We establish this claim first for fc = 0. Clearly, 

supp/ii = /(supp/io) = /(]ao,co[) =]ai,ci[, and 

supp(^“/ii) = /io(/(supp/io)) = ho{]ai,Ci[). 

In view of assumption ()4.20|) . these calculation show that supp(^°/ii) lies above 
supp/ii and so hi and ^°hi commute. Since hg is an increasing homeomorphism 
of K it follows, in addition, that hi commutes with all the conjugates of hi by the 
powers of ho, and so ho and hi generate the wreath product of gp(/ii) and gp(/io). 
Assume now that k > 0. Then 

supp/ife+i = (supp/ii) = (]ai,ci[), and 

supp(^'“/ife+i) = hk{snpp hk+i) = hk (/'"(joi, ci[)) 

= {fohof-'^of'^) (]ai,ci[) =/'=(/i(]ai,ci[)). 

In view of assumption (I4.2UI) and the fact that / is increasing these calculations im¬ 
ply that supp( ^’=hk+i) lies above supp hk+i- It follows, as before that gp{hk,hk+i) 
is the wreath product of gp(ft.fc+i) and gp{hk). 

The previous calculations allow us to infer that the sequence 

k I —Hk = gp{ho, hi,-- - , hk) 

is a strictly increasing sequence of subgroups. Indeed, Hk is isomorphic to the 
iterated wreath product 

(• ■ ■ ( (gp(^fc) I gp{hk-i) I gpihk- 2 ) gp{ho) 

which abelianizes to It follows that G is not a descending HNN-extension 

with a finitely generated base group contained in = gpQ^H) and stable letter / 
and so — [x^j ^ I]^(G'). In the notation used in formula (14.191) . this conclusion can 
be restated by saying that S^(G)'^ coincides with the upper, but not with the lower 
bound. So one of the points of S^(G)‘^ is not accounted for by the characters Xi 
and Xr- 


®The list of parameters A, P that are known to make H finitely generated is rather small; see 
IBS14I p. vii, statements e) and f)]. 













SIGMA 1 OF PL-HOMEOMORPHISM GROUPS 


13 


4.3. Irreducible groups G with G/(kercr^ kercr^) not torsion: part 2. I close 
the discussion by saying a few words about a class of irreducible groups where 
almost nothing is known about S^(G)°. In order not to overcharge the example 
with unnecessary details, I content myself with a two generator group. Let I = [a, c] 
be a compact interval of positive length and consider two PL-homeomorphisms / 
and g in PLo(/) with these properties: 

G,(/)>1, G„(g) > 1 and Ge(/) ^ 1, D,{g)^l 

Assume, in addition, that the positive real numbers Da{f) and Da{g) generate in 
K^g a free abelian subgroup of rank 2, that Dc{f) and Dc{g) generate also a free 
abelian group of rank 2, and that the supports of g and h cover the interior of I. 
Then G is irreducible, its abelianization is free abelian of rank 2 and G' coincides 
with the subgroup of bounded elements B of G. Thus ker cr^ and ker Ur are both 
equal to G' and so G/(ker(T^ • kerijr) = Gab, Moreover, G is not abelian. 0 The 
characters xt. Xr are not trivial; by Proposition 12.51 they represent therefore 
points in {GY■ I know, however, of no method that would allow one to determine, 
given any other point [y] of the circle S{G), whether or not it lies in E^(G). 

5. Proof of Theorem 11.21 

The proof of Theorem 11.21 has a structure that is similar to that of the proof of 
Theorem ll.il given in section [!01 To achieve this similarity one needs analogues of 
ProDOsition l2.5l and Lemma ITTl that deal with the character Tr instead of ar- Prior 
to stating and proving these results, I recall the hypotheses of Theorem 11.21 

The interval / is the half line [0, cxd[ and G is an irreducible subgroup of PLo(/) 
satisfying the restriction that every element g £ G is a translation near c»; in 
other words, the image of the homomorphism p: G ^ Affo(K.) consists merely of 
translations. In addition, G/(ker at ■ kerr^) is a torsion group. 

The restriction on im p permits one to define a homomorphism : G —>■ K that 
sends g £ G to the amplitude of the translation p{g). The negative of this homo¬ 
morphism Tr plays the role of Gr in Theorem 11.11 The restriction has a further 
consequence that is familiar from the groups PLo([a,c]) with supports in a com¬ 
pact interval: the support of every commutator of elements of G is contained in a 
compact interval. 

5.1. Auxiliary results. I begin with an analogue of Proposition [77^ 

Proposition 5.1. Let G be a non-abelian, irreducible subgroup o/PLo([0, c»[). If 
Xi is non-zero it represents a point ofT}{GY, and similarly for —Tr- 

Proof. The claim for = In o can be established as in the proof of Proposition 
12.51 To verify that for —Tr, we modify the cited proof. The goal is to construct a 
submonoid M of G, properly contained in G-rr, that fulfills the properties (12.(jp . 
To do so we introduce a collection of submonoids Mj- of G-r^ and verify that most 
of them satisfy the stated properties. 

Given a natural number k, define the subset 

Mfc = {g € G'(-Tr) I 9~^ is a translation on [k, oo[ }. (5-21) 

the support of either / or g is not the entire interval ]a, c[ this addendum is easy to justify: 
by the irreducibility of G there exists then h £ G that moves an open component of the support 
of the element in question, and so G is not abelian. If the supports of / and g are both equal to 
]a, c[ or, put differently, if / and g are one bump functions, one can invoke the results of |BSQ1| . 
in particular Theorem 4.18. They show that the elements of G which commute with / form an 
infinite cyclic group. Since G maps onto a free abelian group of rank 2, g does therefore not 
commute with /. 
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This subset is a submonoid of G: it clearly contains the identity on R. Assume 
now that gi and §2 are in M^. Then and g^^ are translations on [A:,oo[. The 
composition g^^ ° is again a translation on [A:,oo[ (since gf^{k) > k), and 
therefore gi o g2 is in Mk- 

We verify next that Mk satisfies the equality M n = M O kery for every 
fc e N. If 5 S Mk n Mff^ then y(g) > 0 and x{g~^) ^ 0; whence g G kery^. It 
follows that is contained in M/jflkery. Conversely, if g lies in Monkery 

definition implies that g ^ is the identity on [fc,oo[, whence g is the identity 
on [k, oo[, and so g~^ G Mk- Therefore Ms fl ker y C Ms Cl Mf'^ holds. 

Assume now that gi and 52 are in Mk with gi o gif^ G Then gf^ is 

a translation that maps [fc, oo[ onto [k + Tr(g(”^),oo[ and g 2 is a translation on 
[k + oo[. Since Tr{gi o gif^) < 0, the inequality Tr{g2^) < rv(gr^) holds; 

so the composition g2 o g^^ is a translation on [A:,oo[ and gi o gif G ^k- These 
calculations prove that {Mk H Mf^) n is contained in Mk- As the reverse 

inclusion is clearly true, the two terms coincide. 

We finally show that Mk generates G if k is large enough. By assumption, is 
non-zero. So there exists an element go € G with Tr{gf^) = {—Tr){go) > 0. The 
PL-homeomorphism gf^ is a translation on some half line, say on [A:o,oo[. Let g 
be an arbitrary element of G. I claim that there exists a positive integer m and an 
element h G Mk^ so that g can be written in the form g = h~^ o gjf. This will be 
possible if, and only if, h~^ = gogf"^ is a translation on [/ cq , oo [ and if Tr{h~^) > 0 . 

In view of these facts, it suffices to show that the sequence n 1 —>■ g o gf'^ con¬ 
sists eventually of translations on [fco, oo[ with non-negative r^-values. The second 
property follows from the positivity of Tr{gf^), the first is a consequence of the fact 
that 5 is a translation on a half line [kg, oo[, say, and that gf^ maps [ko, oo[ onto 
[ko +n-Tr{gf^), oo[ for each n; if n is large enough, gf^ maps therefore [fco, oo[ into 
[kg, oo[ and so {g o gf'^) \ [ko, oo[ is a composition of translations. 

We, finally, verify that Mkg is a proper submonoid of Indeed, by assump¬ 

tion G is non-abelian and so there exist elements /i, /2 in G whose commutator 
c = [fl, / 2 ] is not the identity. The support of this commutator c is contained in a 
compact interval [oq, 60 ] with 0 < oq < 60 ; as G is irreducible, a suitable conjugate 
■Ic of c is therefore a non-trivial element with support contained in the half line 
[/co)Oo[. This conjugate lies in kerr^, but outside of Mk^, and testifies that Mk^ is 
a proper submonoid of G(_T^y 

By now we have shown that Mkg is proper submonoid of G(_t-^) and that it 
satisfies the properties stated in (12.61) . So [-Tr] ^ S^(G) by Proposition [531 D 

I continue with an analogue of case (ii) in Lemma 12.71 

Lemma 5.2. Let G be an irreducible subgroup 0 /PLo([0, oo[ ). Assume y: G —> R. 
is a character that satisfies the following condition: 

{x]i^[-Tr] and y(kercr£) { 0 }. 

Then there exist fc G N and elements f and h in G with positive x~'aalues that enjoy 
the following properties: 

f is a translation on [A:,oo[ with Tr{f) > 0 and supp/i C [fc,oo[. (5.22) 

Proof. By assumption, the rays [y] and [—r^] are distinct; hence so are the sub¬ 
monoids G^ and and neither of them is contained in the other. There exist 

therefore an element, say fi, in G^^ \ ^(-Tr) element /2 in G(_,-^) \ G^, 

whence 


Xifi) > 0, Tr{f 2 ) < 0 and y(/ 2 ) < 0, Tr{fi) > 0. 
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The product / = /i • has then the property that xif) and Tr{f) are both 
positive. Since / is a translation on some half line, say on ]fc,oo[, the second 
inequality implies that that f{k) > k 

We next use the hypothesis that x does not vanish on kera^. So G contains an 
element hp with positive X"Value and a support that does not touch 0. As G is 
irreducible, a conjugate h = of ho has thus the properties 

supph C [fc,oo[ and x(^) = x(^o) > 0. (5.23) 

So / and h enjoy the asserted properties. □ 

5.2. Proof of Theorem 11.21 The proof relies on Lemmata 12.71 [XT] and and 
on Propositions 12.3115. H and on the proof of Proposition [2131 

5.2a. Inclusion E{G) C By hypothesis, the group G is irreducible and 

G/ (ker x^-ker Xr) is a torsion group, and so G is non-abelian by Lemma f3.ll Assume 
now that ai is non-trivial. Then Proposition 15.11 applies and shows that [xe] ^ 
If CTr is non-trivial, one finds similarly that [xr] ^ E^(G)'^. 

5.2b. Inclusion S(G) \E{G) C E^(G). Let x- G —>■ M be a non-zero character that 
is neither a positive multiple of xe ^ positive multiple of —Xr- As the image 
of X is an infinite torsion-free group while G/(kerx£ • kerxr) is a torsion group, x 
does not vanish on kery^ U kerXr- Two cases arise. 

If x(kerrr) yf {0} the hypothesis of case (i) in Lemma 1^771 is fulfilled, and so this 
lemma provides one with elements /, h and a positive real S < c — a with these 
properties: 

x(/) >0, /is linear on [a, a -|- <5] with slope < I, (5.24) 

x(^) > 0, supp h C [a, a-I-(5]. (5.25) 

Consider now a finite subset Xi of G^ that includes both / and h and let Gi 
denote the subgroup generated by Xi. For every commutator c = [hi,h 2 \ with 
hi € XiU there exists then a positive integer m so that the supports of ft, 
and c are disjoints, and so it follows, as in the proof of Lemma 12.81 that x \ Gi 
represents a point of E^(Gi). The group G itself is the union of such finitely 
generated subgroups Gi; as x does not vanish on the intersection of two such 
subgroups (for both contain the elements / and ft) Proposition 12.31 allows us to 
conclude that [x] € E^(G). 

Secondly, assume that x(ker(Tf) {0}. Then the hypothesis of Lemma [5.21 is 
fulhlled. This lemma furnishes elements /, ft and a natural number k, all in such a 
way that 

x(/) >0, / is a translation on [fc,oo[ with Tr{f) > 0, (5.26) 

x(ft) > 0, suppft C [fc,oo[. (5.27) 

With the help of / and ft one proves then, as in the preceding paragraph, that 
M G Si(G). 


6. Proof of Theorem 11.31 

The structure of the proof of Theorem 11.31 is again similar to that of the proof 
of Theorem ll.il To arrive at this similarity one needs analogues of Proposition |33] 
and Lemma that deal with the characters and instead of ai and Gr- Prior 
to stating and proving these results, I recall the hypotheses of Theorem 11.31 

The interval I is the line K. and G is an irreducible subgroup of PLo(]R) satisfying 
the restriction that every element g G G is a translation, both near — oo and near 
oo. Moreover, G/(kerT^ • kerr^) is a torsion group. 
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The condition on A and on p permits one to define homomorphisms : G —>■ K. 
and Tr'. G —>■ R. They send an element g G G to the amplitudes of the translations 
X{g) and p{g), respectively. These homomorphisms ti and Tr play the roles of ag 
and ar in Theorem o The condition on A and p has a further consequence: the 
support of every commutator of elements of G is contained in a compact interval. 

6.1. Auxiliary results. I begin with the result that replaces Proposition 12.51 

Proposition 6.1. Let G be a non-abelian, irredueible subgroup o/PLo(R). Ifri is 
non-zero it represents a point o/I]^(G)°, and similarly for —Tr- 

Proof. As in the proofs of Propositions 12.51 and 15.11 the strategy is to construct 
monoids M, enjoying properties (Eni and being properly contained in G^ and 
in G(_^^), respectively, and to invoke then Proposition 12.41 In the case of Tr one 
proceeds as in the second part of the proof of Proposition l5.1l and defines a sequence 
of monoids k i-A Mk by setting 

Mk = {g G I g~^ is a translation on [k, oo[ }. 

The given proof applies then verbatim and shows that Tr ^ S^(G), provided (of 
course) that is non-zero. 

If Ti is not trivial one defines a sequence k i—>■ Mu by putting 

= {g ^ Grg I g~^ is a translation on ] — oo, —fc]}. (6.28) 

The proof, given for the second claim of Proposition l5.11 can then easily be adapted 
to the new situation and shows then that almost all sets Mk are proper submonoids 
of Grg satisfying properties (12.61) . Proposition 12.41 thus allows one to conclude that 
N i S'(G). □ 

We need also an analogue of Lemma 12.71 

Lemma 6.2. Let G be an irreducible subgroup o/PLo(R). Assume y: G —> R fs a 
character that satisfies one of the following two conditions: 

(^) lx] 7^ [n] and x(kerTr) ^ {0}, or (ii) [y] / [-r^] and y(kerT^) ^ {0}. 

In both cases there exist then a natural number k and elements f and h in G with 
positive x-values. If condition (i) holds, the elements f and h enjoy the following 
properties 

f is a translation on ] — oo, —k] with Ti{f) < 0 and supp/i c] — oo, —k]. (6.29) 
If condition (ii) is true, f and h satisfy these properties: 

f is a translation on [fc,oo[ with Tr{f) > 0 and supp/i C [/c,oo[. (6.30) 

Proof. Suppose first that condition (i) holds. By assumption, the rays [y] and 
[Te\ are distinct; hence so are the submonoids G^ and Grg and neither of them is 
contained in the other. There exist therefore an element, say /i, in G^g \ Grg and 
an element /2 in Grg \ G^g, whence 

x(/i) > 0, Tt{f 2 ) > 0 and y(/ 2 ) < 0, r^(/i) < 0. 

The product f = fi ■ ff^ has then the property that y(/) > 0 > Tg(/). Since / 
is a translation on some half line, say on ] — oo, —k[, the second inequality implies 
that that f{k) < k 

We next use the hypothesis that y does not vanish on kerr^. So G contains an 
element hg with positive y-value and a support that that is bounded from above. 
As G is irreducible, a conjugate h = of hg has then the properties 

supp he] — oo, —k] and y(/i) = y(ho) > 0 
and so / and h enjoy the asserted properties. 


(6.31) 
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If condition (ii) is valid, the given proof of Lemma 15.21 applies, mutatis mutandis 
and implies that /, h have the properties stated in (16.11111 . □ 

6.2. Proof of Theorem II.31 The proof relies on Lemmata 13.11 and 16.21 and on 
Propositions 12.31 and on the proof of Proposition [2121 

6.2a. Inclusion E{G) C By hypothesis, the group G is irreducible and 

G/(keTxe ■ kery^) is a torsion group. By Lemma 13.11 it is therefore non-abelian. 
If is non-trivial Proposition 16.11 applies and shows that [xe] ^ If Tr is 

non-trivial, one finds similarly that [—Tr] ^ E^(G)°. 

6.2b. Inclusion S{G) \E{G) C E^(G). Let y: G —>■ R be a non-zero character that 
is neither a positive multiple of ti nor a positive multiple of —Tr- As the image of y 
is an infinite torsion-free group while G/(kery^ • kery^) is a torsion group, y does 
nor vanish on kery^ U kery^. Two cases arise. 

If y(kerTr) ^ {0} the hypothesis of case (i) in Lemmais fulfilled, and so this 

lemma provides one with elements /, h and a natural number k such that 

y(/) >0, / is a translation on ] — oo, —k] with Tr{f) < 0, (6.32) 

x(h) > 0, suppC ] — oo, —fc]. (6.33) 

Consider now a finite subset Xi of G^ that includes both / and h and let Gi 
denote the subgroup generated by Xi. For every commutator c = with 

hi G Xi L) X^^ there exists then a positive integer m so that the supports of 
h and c are disjoints, and so it follows, as in the proof of Lemma 12.81 that 
y 1 Gi represents a point of E^(Gi). The group G itself is the union of such 
finitely generated subgroups Gi; as y does not vanish on the intersection of two 
such subgroups (for both contain the elements / and h) Proposition 12.31 allows us 
to conclude that [y] G E^(G). 

If y(kerT^) ^ {0} the hypothesis of case (ii) in Lemmais fulfilled. This lemma 
furnishes elements /, h and a natural number k, all in such a way that 

y(/) >0, / is a translation on [k, oo[ with Tr{f) > 0, (6.34) 

xih) > 0, supp/i C [/c, oo[. (6.35) 

With the help of / and h one proves then, as in the preceding paragraph, that 

[x] e si(G). 

References 

[BG84] Robert Bieri and J. R. J. Groves, The geometry of the set of characters induced by 
valuations, J. Reine Angew. Math. 347 (1984), 168-195. MR 733052 (86c:14001) 

[BG98] Matthew G. Brin and Fernando Guzman, Automorphisms of generalized Thompson 
groups, J. Algebra 203 (1998), no. 1, 285-348. MR 1620674 (99d:20056) 

[BNS87] Robert Bieri, Walter D. Neumann, and Ralph Strebel, A geometric invariant of discrete 
groups, Invent. Math. 90 (1987), no. 3, 451-477. MR 914846 (89b:20108) 

[Bro87a] Kenneth S. Brown, Finiteness properties of groups, Proceedings of the Northwestern 
conference on cohomology of groups (Evanston, Ill., 1985), vol. 44, 1987, pp. 45—75. 
MR 885095 (88m:20110) 

[Bro87b] _, Trees, valuations, and the Bieri-Neumann-Strebel invariant, Invent. Math. 90 

(1987), no. 3, 479-504. MR 914847 (89e:20060) 

[BS80] Robert Bieri and Ralph Strebel, Valuations and finitely presented metabelian groups, 
Proc. London Math. Soc. (3) 41 (1980), no. 3, 439-464. MR 591649 (81j:20080) 

[BS85] Matthew G. Brin and Craig C. Squier, Groups of piecewise linear homeomorphisms of 
the real line. Invent. Math. 79 (1985), no. 3, 485-498. MR 782231 (86h:57033) 

[BS92] Robert Bieri and Ralph Strebel, Geometric invariants for discrete groups, preprint, 
1992. 

[BSOl] Matthew G. Brin and Graig C. Squier, Presentations, conjugacy, roots, and centraliz¬ 
ers in groups of piecewise linear homeomorphisms of the real line, Gomm. Algebra 29 
(2001), no. 10, 4557-4596. MR 1855112 (2002h:57047) 





18 


RALPH STREBEL 


[BS14] Robert Bieri and Ralph Strebel, On groups of PL-homeomorphisms of the real line, 
preprint, arXlv: 1411.2868vl, 2014. 

[Ste92] Melanie Stein, Groups of piecewise linear homeomorphisms, Trans. Amer. Math. Soc. 

332 (1992), no. 2, 477-514. MR 1094555 (92k:20075) 

[Str84] Ralph Strebel, Finitely presented soluble groups, Group theory. Academic Press, London, 
1984, pp. 257-314. MR 780572 (86g:20050) 

[Strl3] _, Notes on the Sigma-invariants, Version 2, preprint, arXiv: 1204.0214v2, 1 

Mar, 2013. 

Departement de Mathematiques, Chemin DU Musee 23, Universite de Fribourg, 1700 
Fribourg, Switzerland 

E-mail address: ralph.strebelSunifr.ch 



